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Problems in Section 3.11.

1. Prove that R[z] is a commutative ring with unit element whenever R is.

Proof. Let p(z),q(z) € R[x]. We can write p(z) and ¢(x) as
p(z) =ap+arz+ - +apz™, q(x)=by+bix+- -+ bypz™

where a;,b; € R, ap, by, # 0, Gpg1 = apg2 = -+ = ay = a1+ = 0 and byq1 = bypgo =
-oo=by = byy1 = -+ = 0. Consequently,

p(z) + q(z) = co + c1x + - - - ¢yt

where for each valid i, ¢; = a;+b; € R. Thus, p(z)+q(z) € R[z]. Additive identity is clearly
0. Inverse element for p(x) can be defined as —p(z) = (—ag) +(—a1)z+- - - (—a,)z™ € R|x].
Now for the multiplication,

p(x)q(x) = co+ 1z + - + Cppma™ ™

where ¢; = agb; + a1bj—1 + - -+ + aj—_1b1 + a;by. Clearly, ¢; € R and hence p(x)q(z) € R[z].
Suppose q(z)p(z) = do+diz+ - +dpyma™™™. Then d; = boa;+bia;—1+- - -+bi_1a1+b;ag =
a;bg + a;_1b1 + -+ + a1bj_1 + agb; = agb; + a1bj_1 + -+ + a;_1b1 + a;bg = ¢; so that
p(z)q(x) = q(x)p(x) and hence R[z| is commutative. The unit element 1 is clearly in R[z].
For the distributive property, t(z)(p(z) + q(z)) where t(z) = to + t1x + tzz*. Observe that

r(@)(p(@) + q(x)) = r(z)(co +e1+ -~ ')

=etexr+--- €k+t$k+t

where e; = roc; +ri1ci—1+- - +rico = ro(a; + b;) +r1(ai—1 +bi—1) + - - -1i(ag +bp). In other



side,

r(z)p(x) + r(2)q(x) = ((roao) + (roar +r1a0)x + - - - (ro@sk + r1Gph-1 + - - Terpao)z )
+ ((robo) + (rob1 4 r1bo)x + - - - (Tobigs + t1bigr—1 + - - Teobo)x+F)
= ro(ao + bo) + (ro(ar + b1) +7r1(ag +bo))x + - - + (ro(a; + b;) +ri(ai—1 +bi—1)) + - -
+7i(ao + bo))x" + -+ + (ro(arsk + bigr) +r1(@ik—1 + berr—1)) + - - rerr(ao + b))
= roco + (roc1 + r1co)T + -+ (roci + r1cio1 + - - 4 rico) 2+
s+ (ToCek + T1CE—1 + - Tekco) Tt

=eoterr+ e+ eppa™ = r(x) (p(z) + q(z)).

Therefore, the distributive property is verified. The other distributive property also holds

clearly. Thus, Rz] is also a ring with unit element whenever R is. O
2. Prove that Rz, ---,z,] = Rz, - ,,], where (i1,---,4,) is a permutation of
(1727"' an)'
Proof. Note that every elements f(z1,---,xy,) in R[z1,- - ,xy] is of the form
n . .
Far, o an) =Y ag oo o 21 @b -2l
7j=1
For any permutation (i1,%2, - i),
i ady = ol i
so that
Jiy  Ji in
F@r, - @n) =Y 4y o gu @i @l - al € Rlwiy, -, a4,
7j=1
The opposite inclusion can be shown by the same method above. Thus Rz, ,x,] =
R[.I‘Z'l,--' ;-Tz'n]' ]
3. If R is an integral domain, prove that for f(z), g(x) in R[z], deg(f(z)g(x)) = deg(f(x)+

deg(g()).

Proof. Same method for the proof of Lemma 3.9.1 can be used here. O

4. If R is an integral domain with unit element, prove that any unit in R[x| must already
be a unit in R.



Proof. Suppose f(x) is an unit in R[z]. Then there is ¢(x) € R[z] such that f(x)g(x) =

1. Consequently, deg(f(z)g(z)) = deg(f(z)) + deg(g(x)) = 0, implying deg(f(z)) =
deg(g(x)) = 0 so that f(x) = a, g(x) = b for some a,b € R. Recall that ab = 1. Thus
f(z) = a is an unit in R. O

5. Let R be a commutative ring with no nonzero nilpotent elements(that is, a” = 0 implies
a=0). If f(x) =ap+ a1z + -+ + apz™ in R[x] is a zero divisor, prove that there is an
element b # 0 in R such that bag = ba; = - - - = ba,, = 0.

Proof. We assume that a,, # 0. Since f(x) € R[z] is a zero-divisor, there is g(z) =
bo + b1z + -+ + bpz™ € R[z], b, # 0 such that f(x)g(x) = 0. Suppose f(z)g(z) =
co+ ci1z + -+ - cxt. Then

Cm4n = by, Cm4n—1 = am—1bp + ambn—1, -+ c1 = aiby +apb1, co = agbo.
Since ¢; = 0 for all 7, ¢pyn = amby, = 0. Observe that

0= Cm4n—1-° bn = (am—lbn + ambn—l)bn
= am—lb?—b + (ambn)bn—l

= Qm—1 (bn)2

so that a;,—1(by)? = 0. Similarly,

0=cmin—2" bi = (amebn + am—1bp—1 + amban)bi
= ameb:;L + (amflbi)bnfl + (ambn)bnban

= am—2(bn)3

so that a,,_2(b,)> = 0. Hence, we can inductively find that a,,_x(b,)*** = 0 for all
k=0,1,2,---m. Now we know that R has no nonzero nilpotent elements. Thus, 6™+ # 0.
Let b = b1 It is now clear that a,, kb = ap_x(bET1)(B7F) = 0 for all k. O

6. Do Problem 5 dropping the assumption that R has no nonzero nilpotent elements.

Proof. We prove that if f(x) = ag + a1z + -+ + apa™ is a zero-divisor of R[z|, there
is r # 0 € Rz] such that rf(x) = 0. Suppose not, then there exists a non-constant
polynomial g(x) = by + biz + --- + bpa® of lowest degree in R[z]. Note that there is
coefficient a; of highest degree such that a;g(x) # 0, otherwise by f(x) = 0, a contradiction.
So we have

f(x)g(x) = (ap + a1z + - - - + a;z%) (b + by + - - - + bpa®) = 0.

Hence a;bx, = 0, so that deg(a;g(x)) < k. Consequently, f(z)(a;g(x)) = a;f(x)g(x) =0
but a;g(z) is a polynomial of degree less than g(x). This contradicts the definition of g(x).
Therefore, there exists r # 0 € R such that rf(z) =0 < rag=ray---=ra,=0. 0O



7. If R is a commutative ring with unit element, prove that ag + a1z + - - - + anz™ in R[x]
has an inverse in R[z|(i.e., is a unit in R[x]) if and only if ag is a unit in R and a1, -- ,ay
are nilpotent elements in R.

Proof. We first introduce a lemma.

Lemma. Let x and y be nilpotent elements in a commutative ring R with unit element.
Then z + y is also nilpotent. Further, for » € R, rz is nilpotent. That is, collection of
nilpotent elements form an ideal in R. Moreover, 1 4+ x is an unit in R. Hence, sum of an
unit and nilpotent element is an unit in R.

(claim) Suppose m and n are the integers satisfying ™ = y™ = 0. Then

m-+n = m+mn k, m4+n—k m-+n m-+n—1 m—1, n+1
(=27, )y = (" + oy +o 2™y
k=0

+ :L,myn + ‘,L,m+1yn71 4t $m+n71y + g;er") =0

so that x 4+ y is nilpotent in R. Also, for any r € R, (rx)™ = r™a"™ = 0 so that rz is also
nilpotent in R. Now, we claim that 1+ x is an unit in R. Observe that

A+z)l—z4+22 4+ (D" g™ Y =1 -z +a22+... 4 (-1)" 1zgm!
—|—ZL‘—$2+ cee (_1)m—lxm
=14+ (=)™ 1zm =1
so that 1 + x is clearly an unit in R. Now we prove that sum of an unit and nilpotent
element is an unit. Let u be an unit of R. Then uu’ = 1 for some v’ € R. Consequently,

(u+ z)u’ =1+ au'. Recall that zu’ is nilpotent. Thus, (v + z)u' is an unit in R. Thus,
(u+ z)u'v = (u+ x)(uv'v) =1 for some v € R. Therefore, u + z is also an unit in R.

Now we head to our problem. Let f(x) = ap+ ajx +---+ a,x™ be a unit in R[z]. That is,
there is g(x) = bo + b1z + - - - + by 2™ such that

f@)g(x) = (ap + ar1x + - - - + apx™)(bg + b1z + - - - + bpx™) = 1.
Clearly, this implies that
apbg =1, agby +aibg =0, ,an_1bym + apby—1 =0, ayby, =0.

From above, we know that ag is an unit in R. Further, without loss of generality, we can
assume that a, # 0. We shall now claim that a’™'b,,_, = 0 for all » = 0,1,---m. For
r =0, it is trivial. Observe that

0=an(an-1bm + apbpm—1) =0+ a%bm,l — aibm,l =0.



We can repeat this process and inductively get the required result of a’*1b,, . = 0 for
all » = 0,1,---m. But note that since agbg = 1, a”*aghg = a*! - 1 = ag(a™'by) = 0.
Hence a,, is nilpotent. From the lemma we established, f(x) — a,2z™ is a sum of unit and
nilpotent element, so that it is now an unit. So we can repeat the same process to obtain
that each of an,,an—2, -, a1 are, in fact, nilpotent.

Conversely, assume that ag is an unit and a;,7 > 1 is nilpotent. Given the fact that sum of
an unit and nilpotent element is an unit, ag + a1z is also an unit. So inductively, we can
conclude that f(z) =ag+ ajx+ -+ apz™ is also an unit in R. O

8. Prove that when F is a field, F'[x1,x2] is not a principal ideal ring.

Proof. We claim that (21, z2) is not a principal ideal. For the sake of contradiction, assume
that (x1,22) = (p) for some polynomial p in F|x1,z9]. Then there exists polynomials
q1,q2 € Fx1, x2] such that pg1 = 1, pga = x2. Note that from pg; = x1, since F is a field,
p must have non-zero coeflicient of x1 and from pgs = x2, g2 has non-zero constant term
so that pgo has non-zero coefficient of 1, which contradicts that pge = x2. Hence, (x1, x2)
is not a principal ideal. O

9. Prove, completely, Lemma 3.11.2 and its corollary.

Proof. By the definition of Unique Factorization Domain(in short, UFD), for any non-unit
a,b € R,

a =dq1q92 - - Qn,
b=qidy

where ¢;, q§~s are irreducibles in R. Now we re-order the irreducibles of a and b such that

a=(q1q2" - k) * Qg1 Gn,
b= (15 ) Ges1 I

where each ¢;,1 < i < k < min{n,m} is associate with ¢}, and none of ¢;,i > k + 1 is
associate with q},j > k+ 1. Let d = qig2 - - - q1. We claim that d = (a,b). It is clear that
d | a and d | b. Suppose c is also a common divisor of a and b. As R is an UFD, c is also
a product of irreducibles of R. Suppose ¢t d. Then there exists an irreducible y such that
y divides one of ¢;,7 > k 4+ 1 and q;-, j > k4 1. This forces us to conclude that y is either
an unit or ¢; and ¢; are not irreducibles. But either of the cases leads to contradiction.
Hence, ¢ | d and d is the required greatest common divisor of a and b.

Now suppose a and b are relatively prime and a | be. Since none of irreducible factors of a
are associates with b, it must divide c(or in associate with some irreducible factors of c).
Thus, it forces us that a | c.

Now we prove the corollary. If a is an irreducible element and a | be, then either (a,b) =1
or (a,b) = a. If former was the cases, then a | c. If later was the case, a | b. O



10. a) If R is a unique factorization domain, prove that every f(z) € R[z| can be written
as f(z) = agi(x), where a € R and where fi(z) is primitive.

Proof. Let f(z) = ap + a1z + ax?® + - - - a,x"™ where a; € R. Define a = (ag, a1, - ,an).
Then

f(z) = a(bo + bz + bya® - - + bpa™) = afi(x)
where (bg,b1,---b,) = 1. Hence fi(z) is primitive and f(z) = afi(x). O
b) Prove that the decomposition in part (a) is unique (up to associates).

Proof. Suppose f(z) = afi(x) = bfa(x) for some primitive polynomials fi(x), fo(x) € R[z].
Let ¢(f) denote the content of the polynomials. Then

c(f) = clafr) = c(bfa)

(ag, a1, -an) =a-c(fi)=a=0b-c(f2) =b

so that a and b are also greatest common divisors of coefficients of f(x). But since every
ged’s are associates, so does a and b, and hence afi(x) and bfa(z). O

11. If R is an integral domain, and if F' is its field of quotients, prove that any element
f(z) in F[z] can be written as f(z) = (fo(x)/a), where fo(x) € R[z] and where a € R.
Proof. Let f(z) be a polynomial in F[z] such that

M M
f(z) = b + blx—i- + bna:

where a; € R, b; #0 € R. We set a = bgby - - - b, € R. Then

by by bobs - - - by, nboby -+ by
ap0by +a102 x+---+a 001 1n

fla) = 2
_ apbr - by + arboby - - - by + anby - bp—1x™
N a
_ Jo(@)
a
for some fo(x) = agby - - - by, + arboby - - - bpx + anbg - - - by—12™ € R[x]. O

12. Prove the converse part of Lemma 3.11.4.

Proof. Suppose f(x) € R[x] is primitive and irreducible as an element of Fx]. If f(x) is
not irreducible in R|x],

f(x) = g(x)k(x)
for some non constant g(z), k(x) € R[z]. But each g(x) and k(x) can be viewed as elements
in F[z]. Thus f(z) = g(z)k(z) in F[z], which contradicts that f(x) is irreducible in Fx].
Hence, f(z) is also irreducible in R[z]. O



13. Prove Corollary 2 to Theorem 3.11.1.

Proof. Note that F[z1] is always an Unique Factorization Domain. Applying the Corollary
1, Flx1,xa, -+ ,xy] is also an Unique Factorization Domain. Hence proved. ]

14. Prove that a principal ideal ring is a unique factorization domain.

Proof. We can show that every PID is a GCD closed domain, following the proof of
Lemma 3.7.1. Also, Lemma 3.7.5 and Lemma 3.7.6 assure us that irreducibles of PID
are primes(and in fact, vice versa), so that Theorem 3.7.2 is valid. Now we have to show
that Lemma 3.7.4 also valids in PID.

We introduce the notion of ascending chain condition and Noetherian ring: A commuta-
tive ring R satisfies the ascending chain condition (ACC) on ideals if there is no infinite
sequence of ideals in R which each term properly contains the previous one. That is, if

U1CU2CU3C"'

is a chain of ideals of R, then there is some integer m such that U,, = U, for all k£ > 0.
Commutative ring satisfying ACC' is called Noetherian.
Let R be a PID. Consider the chain on ideals U; C Uy C Uz C ---. Uy = Up=1U} is also

an ideal in R. Since R being a PID, there is a € R such that (a) = Us. Thus, a € U, for
some n. Then for every k > 0, U,,1 = U,,. Therefore, R is Noetherian.

Now assume that U C R be the set of ideals generated by each elements of R that cannot
be written by a product of irreducible elements of R. If U # (), U has a maximal element
(r) since R being Noetherian. r is not irreducible, hence not a prime. Therefore, (r) is
not a maximal ideal in R. So there is s € R such that (s) properly contains (r) and s | 7.
Consequently, (s) ¢ U, so that s is a product of irreducibles. Choose an irreducible(prime)
a such that a | s, then a | r so that » = ab for some b € R. If (b) € U, then b is an
irreducible and hence r is a product of irreducibles, a contradiction. If (b) € U, then
(r) € (b) (notice that ab = r, thus (b) properly contains (r)) contradicting the maximality
of (r) in the chain. Thus, U = () and we can conclude that R is a UFD. O

15. If J is the ring of integers, prove that J[z1,x2, - ,z,] is a unique factorization domain.

Proof. Note that J is an Euclidean ring with unit element so that it is an PID, and hence,
UFD. Consequently, J[z1] is also an UFD. Induction shows that J[z1,x9, - ,2,] is an
UFD. O



